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Abstract 

We discuss a relationship between certain one-dimensional quantum spin chains and 
anyon chains. In particular we show how the XXZ Heisenberg chain is realised as a -D3 
(alternately su(2)n) anyon model. We find the difference between the models lie primarily 
in choice of boundary condition. 
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1 Introduction 

The purpose of this letter is to note the correspondence between certain one-dimensional spin 
and anyon chains. We consider spin chains that have the underlying symmetry of a quasi- 

1— 1 triangular Hopf algebra (e.g. a quantum group) [3[T7]. Consequently, it is natural to discuss 

integrable models constructable from the Quantum Inverse Scattering Method (QISM) [H3 E] 
J> and its variants. 

On the other hand, there are anyon chains. These were constructed as analogues of spin 
chains [10]. One difference is that anyons are not required to have integer quantum dimension, 

■^j- which is, roughly speaking, the dimension of the internal Hilbert space of the particle and 

determines the probability that fusion leads to annihilation or creation of other anyons |19j . 
The Hilbert spaces used for the anyon chains often have no tensor product structure. These 
chains have also been shown to exhibit topological symmetries (HHOl. It is possible to construct 
anyonic models from a quasi-triangular Hopf algebra [9]. 

• — An equivalence between spin and anyon chains occurs when the underlying symmetry of 

each is that of the same quasi-triangular Hopf algebra. To illustrate this correspondence we 
present the nearest-neighbour XXZ Heisenberg chain viewed as a D3 anyon model. While the 
local Hamiltonian has the complete -D3 symmetry, the symmetry of the global Hamiltonian 
depends upon the boundary conditions imposed. Thus the correspondence depends upon the 
boundary conditions. We consider open boundaries with free ends [20], periodic boundaries of 
both spin [8j [25] and anyon type [TOj, [23], and braided boundaries [T2J, [TH [16]. Of these only 
the open and braided boundary conditions always have an equivalent description in the spin 
and anyon pictures. 

It is also possible to present the XXZ model using other underlying symmetries, e.g. su(2)4, 
-D5 or U q (su(2)), however, using D% has certain advantages. Firstly, there are no superfluous 
anyons, like the anyons in half-integer subsector of su{2)^ or an additional anyon of quantum 
dimension two in D§. Secondly, the anisotropy parameter is not dependent upon the algebra 
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like Uq(su(2)) where -f = cosh(ln(g)) (J and J z are the coupling constants of the model). 
We also note that the XXZ Heisenberg chain has appeared in other papers in anyonic form, 
specifically as the spin-1 stt(2)4 chain [HJGl], although not discussed as such. 

2 Background 

Here we present the background information for the XXZ Heisenberg model, the -D3 algebra 
and the spin and anyon bases for the models. We also discuss when the operators in each of 
the bases are said to have the symmetry of D3. 

The algebra 

The group D3 is the symmetries on a triangle consisting of a rotation, a, and flip, r. The group 
has the presentation, 

D3 = {a, r\a 3 = r 2 = arar = 1}. 

Its group algebra is the linear combination of its elements over the complex numbers. It is also 
possible to embed this algebra into a fc-fold space by use of the general coproduct, 

fc-times 

extended linearly to the algebra. This algebra is known to form a quasi-triangular Hopf algebra 
OUT]. As it is cocomutative the universal R- matrix is just the identity. The representation 
theory of this algebra is also known, it has three irreducible representations, two are one- 
dimensional, 

tt±(V) = 1, 7t±(t)=±1, 

and one is two dimensional, 

" 2( " )= ( e 3 e -% )' J). 

For each representation ir a we will associated a space (module) V a . The fusion rules are as 
follows: 

V-®VL^V+, V-®V 2 = V 2 , and V 2 ® V 2 = V 2 ® V+ V— 

The space V+ is the vacuum or trivial space and fusion with it is trivial, i.e. V + ®V a — V a . As 
fusion is associative i.e. (V a V&) ® V c = V a <S> (V& <S> V c ), there exists F- moves which relate the 
two different ways to decompose the 3-fold tensor product space [18, 23J. The interpretation 
of these operators can be understood via the diagrammatic interpretation presented later. The 
F-moves can be explicitly constructed from the representations above and are found in the 
appendix of this letter. 

To construct an anyonic model we associate with each D3 module an anyon [9]. The fusion 
of anyons is governed by the fusion of the respective modules. Similarly the other properties of 
the anyons are inherited from the representation theory of the algebra. 

The Bases 

The Hilbert space we shall use consists of L 2-state (spin-|) sites and an auxiliary C 4 space, 
specifically 

[V 2 (BV+(B V-] V® c . 
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This has a natural basis with 2 C+2 vectors, which we shall refer to as the spin basis. We also 
note that if we project onto V+ component of the auxiliary space then we are just left with C 
spin- \ sites. 

To write the anyon basis we need to consider fusion paths |18(. IT9] . Working from left to right 
we fuse an irreducible subspace in the auxiliary space with V 2 , choosing which irreducible space 
we project onto, this is then fused to another V 2 , so on and so forth. We record the irreducible 
subspace of the auxiliary space and the subsequent irreducible subspaces which appear after 
fusion, 2 2 2 2 2 

ao 1 1 1 1 1 a c 

ctl a 2 a 3 ac-i 



(a(v aQ ®v 2 ) ai ®v 2 ) 



= \aoaia 2 ...ac-iac) ■ 

Here the use of the subscript of the bracket, (")a> denotes the subspace of the space inside the 
bracket isomorphic V a . These sequences of labels form the basis vectors of the anyon Hilbert 
space. Using this formulation we observe these anyon basis vectors correspond to a subspace 
in the spin basis, whose dimensionality is equal to that of dimension of the out-going anyorj^] 
We remark that each label Oj, as it is produced by fusion, is limited by the preceding label. We 
find that neighbouring pairs must belong to the following set, 

aiOi+i G {+2, -2,2+, 2-, 22}. 

We now have an appropriate anyon basis. 

Diagrammatically we have fused left to right, however we can rearrange fusion adopting the 
additional convention of also fusing top to bottom. The reordering of fusion is done by the 
aforementioned F-moves. In terms of fusion diagrams we have, 



d d> 



abc\d 
d> 




On the left the anyons a and b are fused with the result fusing to the the anyon c, while on 
the right the anyons b and c are fused with the result fusing to a. The F-moves must satisfy a 
pentagon equation, although in the -D3 case this is automatically satisfied as -D3 forms a Hopf 
algebra. 

An operator can be expressed in both the spin and anyon bases provided that it has the 
underlying symmetry of the -D3 algebra. Suppose we have an operator, 0, in the spin basis. It 
is said to have -D3 symmetry if it commutes with the action of the algebra, 

\Il(g),0]=Q where II = ([tt 2 vr+ vr_] ® vrf c ) o A( £+1 \ (1) 



for all g 6 -D3. This operator will have a counterpart in the anyon basis which we will denote 
O. The -D3 symmetry is both sufficient and necessary. As the operator commutes with the 
action of the algebra Schur's lemma requires: 

If ac 7^ a'c then (a' ai...a'AO\aoai...ac) = Q- (2) 



1 While an individual anyon basis vector will correspond to a subspace in the spin basis, generic vectors in the 
anyon Hilbert space will have no such correspondence. 
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Thus for an operator, 0, in the anyon basis to have a spin counterpart the last label, ac, must 
be invariant under the action of O. Similarly, from construction the auxiliary space must be 
also invariant under the action of operator and thus the first label ao is invariant under O. The 
fixing of ao and ac are necessary and sufficient for an operator in the anyon basis to have a 
counterpart in the spin basis^J This is the same as the operator having hidden quantum group 
symmetry |22| . Any such operator which acts non-trivially on k neighbouring sites (in the spin 
basis) will have an anyon counterpart that acts on k + 1 labels, e.g. for h € V2 <8> V2 we have 
the equivalence h^ i+l) <-> fr(;_i)j(i + i). 

We also want to determine the dimensionality of the anyon Hilbert space. We define the 
number N c ab ^ to be the number of basis vectors with ao = a and ac = b. The numbers are 
determined by the relations 

N (a+) =N (a-) =N W f N^\ = N^\ and N c a2) = N { £\ + 2N<£+} . 

We can recognise that these numbers are those appearing the in Jacobsthal sequence (A001045 
[1]) which have the form 

NP = I (2^ + (-1)*) . 
Using this we can determine the dimension of the anyon Hilbert space, 

Anyon dimension = V N^ b) = ivgg = - (2 £+3 + (-1) £ ) . 

3 

a,b 

We can also determine that we indeed have the correct dimension of the spin Hilbert space 

Spin dimension = ^ N c ab) x d[m(V b ) = 2 C+2 . 

a,b 



Projection Operators and the Local Hamiltonian 

As we are dealing with a model with D3 symmetry we expect that the global Hamiltonian will 
just be composed of projection operators. As we only consider models with nearest-neighbour 
interactions we further restrict ourselves to projection operators on two sites. In the spin basis 
we have the 2-site projection operator is given by, 

p(b) = dimp ^ T^^^-l)) ^g^^g). 
96D3 

By construction this local operator commutes with the action of the algebra and has a cor- 
responding operator in the anyon basis. We can diagrammatically determine the projection 
operator in the following way |10j . 



2 2 2 2 




2 This has a natural generalisation to other Hopf algebras. Condition is unchanged while Condition |2j) 
requires that the out-going anyon only remains of the same type. This modification is necessary when multiple 
copies of the same anyon appear after fusion. 
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provided the F-moves are unitary. Alternatively we can write this as 



5(b) 



E 



Fa i+1 ) b 



fa i+1 ) \--ai-ia i ai + i.. H..aj_iajaj + i..| . 



As we expected this 2-site operator acts upon 3 labels in the anyon basis and leaves the first 
and last anyon invariant under its action. 



The original isotropic or XXX Heisenberg local Hamiltonian was defined as the exchange inter- 
action on neighbouring sites. This was generalised to allow the strength of the interaction for 
spins in the z-direction to differ to those in the x-,y-direction resulting in the XXZ Hamiltonian 
below, 

h = ^(a x ®a x + a y ®a y ) + ^{a z ®a z ) + (^-J^I®I, (3) 

/ Jz~ 



V o 

= -2JP ( 

where a 3 are the usual Pauli matrices. This local Hamiltonian commutes with the action of D3 
as it is expressible in terms of projection operators. Furthermore we can use the natural anyon 
analogues of the projection operators to determine its equivalent operator in the anyon basis, 

h = -2JPH + (J z - J)pW. 

This is equivalent to the local Hamiltonian for the 'spin-1' su(2)4 model, up to a gauge trans- 
formation, mapping the anyons (+,2, — ) to (0, 1,2). The anyons 0, 1 and 2 of s«(2)4 are the 
analogues of the spin-0, -1 and -2 particles of su{2) [TlJ 121! • 
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3 Quantum chains 

To illustrate how the boundary conditions of a quantum chain affects the global symmetry we 
provide an account of a variety of models. For the spin chains we use models constructible 
via the QISM and its variants as these are commonly associated with quasi-triangular Hopf 
algebras. Open spin chains with free ends are seen to be in correspondence with open anyon 
chains while closed models of either type are more complicated as the global symmetry can 
be broken. We find that among the closed models braided models have a clear correspondence 
between the spin and anyonic formulations. It is then shown that while the periodic XXZ spin 
chain has an anyon counterpart, generic periodic spin chains do not. Likewise we show that 
generic periodic anyon chains have no spin chain counterparts, this includes D3 anyons. 



Open Chains 

The simplest (and somewhat trivial) example of a direct equivalence between chains is the 
open chain with free ends (non-interacting boundary fields) case. Whatever symmetry is con- 
tained by the local Hamiltonian is inherited by the global Hamiltonian (using the condition of 
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coassociativity) . The spin and anyon versions are of a very similarly form, 

£-1 £-1 

H = /, K(i+1) ^ H = ( 4 ) 

i=l i=l 

These provide models with identical energy spectrums. The degeneracies of the each energy 
also match up once the spin dimension of each vector in the anyon basis is considered. Here 
we can see that the open XXZ chain is equivalent to the open D% chain or the 'spin-1' su(2)^ 
chain restricted to the integer sector. 

The introduction of non-trivial boundary fields will break the D% in either basis removing 
the correspondence between the two bases. 

Braided Chains 

Closed boundary models are more complicated due to the interaction between the first and last 
sites. One type of closed model which can be realised equivalently in both the spin and anyon 
bases are braided models \12\ [TS| [T6] . These are guaranteed to have the full symmetry of the 
underlying algebra. In the case of the D% anyon chain, a braided model requires the existence 
of an invertible operator b G V2 ® V 2 satisfying 

1. It is invertible and expressible in terms of projection operators of TT2 <S> ^2, i-e. commutes 
with the action of the algebra on the 2-fold tensor product space, 

2. It satisfies the braid equation, 612^23^12 = &23^i2^23, 

3. It braids the local Hamiltonian, Zii2&23^i2 = &23^i2^23- 

Once such an operator is found we can define a global braiding operator and global Hamiltonian, 

£-1 

B = b 12 b 2 3--b(c-i)C and K = Bh^c-i)^ 1 + 

i=l 

It follows that the global braiding operator and global Hamiltonian must commute with the 
action of the algebra. The global braiding operator plays the role of a generalised translation 
operator, satisfying, 

= %+i)(i +2 ) and [B,H] = 0, 

for 1 < i < C — 2. The additional term in this model, although it acts globally, is viewed as 
a local interaction as it commutes with all local Hamiltonians not acting on either site 1 or 
C. Thus compared to the open chain the additional term only gives a finite correction to the 
energy. This model has a natural anyonic counterpart. 

For the XXZ chain we find many different operators satisfying conditions 2 and 3, however, 
only one also satisfies condition 1. This operator corresponds to the representation of the uni- 
versal i?-matrix of D3 and gives rise to the periodic spin chain, which we discuss in the next 
section. The other operators, satifying conditions 2 and 3 but not condition 1, may correspond 
to different anyonic theories. 



3 These conditions have been adapted from |12l [T4, 16 to construct a model with D3 symmetry, that is also 
invariant under the action of the global braiding operator, B, but not necessarily integrable. 
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The Periodic XXZ Spin Chain 

The periodic XXZ chain can be realised in the anyon basis as it is also a braided model. This 
occurs because the permutation operator is also expressible in terms of projection operators 
and is consequently a suitable braiding operator, explicitly this is, 

P = - P^ + P (2) where P(v (g> w) = w <g> v. 

This allows the use of the braided model formalism to consider periodic XXZ spin chain in the 
anyon basis. 

We remark that it is in general not possible to represent periodic spin chains in the anyon 
basis as periodicity can break the underlying symmetry. The breaking of this underlying sym- 
metry is related to the (lack of) cocomutativity of the quasi-triangular Hopf algebra in question. 
However, irrespective of whether the symmetry is broken certain bulk properties including en- 
ergy per site and the central charge are consistent with the open chain [21 [6] . 

The Periodic D3 Anyon Chain 

Now we consider the periodic D3 anyon chain starting from the view point of an open chain. 
Using the C sites with the additional auxiliary space, we have the global Hamiltonian given by 
Equation Q. We then impose periodicity in a basis sense, although the model itself will not 
be translationally invariant, by requiring that the in-coming anyon is equal to the out-going 
anyon, i.e. ao = ac- Thus we are only considering an invariant subspace of the full Hilbert 
space and now have that the auxiliary space is coupled to the rest. We can calculate both the 
anyon and spin dimensions 

Anyon dimension = N^ 1 ^ = 2 C + (— 

a 

Spin dimension = V A^ aa) dim(U a ) = \ [5 • 2 C + 2 ■ (-1) C ] . 

a 

At this stage we have that ac is still invariant under the action of the Hamiltonian and subse- 
quently there still exist a corresponding model in the spin basis. 

However, to obtain the periodic anyon models as presented in |10j . which are translationally 
invariant, we need to include the term h(c—i)Cl- Once this term is included we no longer have 
that the out-going (now also in-coming) anyon is unchanged by the Hamiltonian implying that 



the D3 symmetry in the spin sense is lost and this model has no spin model counterpart 

The periodic anyon boundary conditions for this model have yet to be studied in substantial 
detail. It follows that the ground-state energy per lattice site must be the same as the periodic 
spin case. Also, the central charge will match the periodic and open spin chains. It is of interest 
then to compare the low- lying excitations of the XXZ chain 0E3 wu -h their anyon counterparts. 



4 Alternatively we could have considered a C + 1 site model and required ao = ac and ai — ac+i- This would 
not have demonstrated as clearly how the D3 invariance is lost. 

5 We remark that while from the perspective of this letter the D3 symmetry has been lost there are other 
notions of D3 symmetry which can be applied e.g. when the periodic anyon chain is viewed as living on a torus 
then eigenstates are classified by an associated flux, labeled by a D3 anyon, through the torus, rather than by 
an out-going anyon jH [lOj [11] . 
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4 Discussion 



A correspondence between quantum spin and anyon chains exist when there is the underlying 
symmetry of a quasi-triangular Hopf algebra present. The symmetry inherited by the global 
Hamiltonian from the local Hamiltonian will depend upon the choice of boundary conditions. 
Open and braided models have a natural correspondence between the spin and anyon bases. 
On the other hand periodic models generally do not. 

In the spin language the symmetry is present if the global Hamiltonian commutes with the 
action of the algebra. While in the anyon language we require the the in-coming and out-going 
anyons to be invariant under the action of the global Hamiltonian. 
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A F-moves and projection operators 

We have calculated the F-moves though explicity decomposing the space V a ® Vj, ® V c in the two 
different manners mentioned previously and by then looking at the transformations between 
them. The F-moves which deal with only one-dimensional irreps: 

/ rpabc \x _ sraxbrbxc 
\ r axbxc/y ~ °x °y 
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where a,b,c € {+, — }. The F-moves with precisely one 2-particle present 

\*2 )y - °x d y \*2 )y = d x d y 1^2 )y = d x°y 

where a, b, c € {+, — }. The F-moves with precisely two 2-particles present and one +-particle 

(^ 22 )S = W (^ +2 )£ 
(Fi 22 y y = sis- ( F ^r y 

Here are the F-moves with precisely two 2-particles present and one — particle 

(F+ 22 )* = SIS' (F^)* = -SlSl (Ff~r y = -5-51 

(FZ 22 T y = S15+ (Ft- 2 )* = -5151 = -5+51 

(F 2 - 22 r y = -SlSl (Ft 2 r v = SlSl (Ff~)l = -5151 



= S151 


(F 2 + 2+ r y 


= S+51 


= S151 


{F 22 +) x 


= S-51 


= S151 


(Fi 2+ r y 


= SIS] 



Here are the other F- moves with all 2-particles: 

(Ff^ = 5 2 Jl (F^X = -5151 

and 

(Fi 22 T y = \{StS+ -5i5~ +5-5+ -5-5-) + ^{5t5l-5-5l + 5l5+ + 5 2 x 5- 
The projection operators are: 



~~ n t-l"i-\ "T" "/-I 



~ n t-l n i+l + n i-l n t+l 



~ _i_o o_i_ o o ^~ 9 / 1 9 

P (i-i)i(i+i) = n i-i n i+i + n i-i n i+i + n i-i n i+i + n i-i n i+i + 2 ni -M _1 1 ni +!- 










'1+1' 












; J n l+\1 






' i 


-1 







1 





\ 









We have adopted the notation that nf projects on to anyon a for the zth label and the vector 
(x,y,z)f corresponds to x\.. +« ..) +y\.. ..) + z |..2j..). 
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